The small cells in millimeter wave (mmWave) have been utilized extensively for the fifth generation (5 G) mobile networks. And full-duplex (FD) communications become possible with the development of self-interference (SI) cancellation technology. In this paper, we focus on the optimal allocation of the sub-channels in the small cells deployed densely underlying the mmWave networks. In order to improve the resource utilization and network capacity, device-to-device (D2D) communications are adopted in networks. For maximizing the system throughput, we propose a cooperative sub-channel allocation approach based on coalition formation game, and theoretically prove the convergence of the proposed allocation algorithm. The utility of the coalition formation game is closely related to the sum system throughput in this paper, and each link makes an individual decision to leave or join any coalition based on the principle of maximizing the utility. Besides, a threshold of the minimum transmission rate is given to improve the system fairness. Through extensive simulations, we demonstrate that our proposed scheme has a near-optimal performance on sum throughput. In addition, we verify the low complexity of the proposed scheme by simulating the number of switch operations.
HD communications in traditional cellular networks, directional communications and FD communications in mmWave networks have significantly improved the performance on throughput. However, the impact of channel allocation on network performances also cannot be ignored. In this case, we research on how to allocate sub-channels to transmission links for the maximum system throughput. In the channel allocation problem, the coordinations among transmission links seriously affect the transmission performance, and coalition formation game is exactly good at making the game participants (which are the links in the paper) cooperate as fully as possible to obtain the maximum utility [18] , [19] . Therefore, we propose a novel cooperation approach based the coalition formation game which is different from other existing channel allocation approaches. We model the sub-channel allocation problem as a coalitional game to maximize the revenues obtained from the transmission links. The links in the game can select to occupy different sub-channels with cooperation, and the sub-channel allocation concretely depends on the resource-sharing possibilities of the different links in the network [10] , [20] - [23] . For the coalition formation algorithm of the proposed approach, the links can eventually self-organize into a Nash-stable partition to maximize the throughput of all the links. Compared with other noncooperative approaches, the proposed approach based the coalition formation game can achieve the near-optimal performance with the relatively low complexity, and coordinate the entire network from a macro perspective. For the sub-channel allocation algorithm based coalition formation game, we fully combine the advantages of FD communications and D2D communications to maximize the transmission efficiency in the entire system. Thus, the contributions of this paper can be summarized as follows r We make use of the advantages of FD communications and D2D communications for channel allocation in the mmWave small cells. Compared with the conventional communication schemes in traditional cellular networks, D2D communications in mmWave bands have less long distance path loss and can cover the shaded area. In addition, FD communications are adopted to make more links concurrent transmit so that the system throughput and transmission efficiency can increase obviously.
r We model the channel allocation problem as a coalition formation game and propose a corresponding coalition formation algorithm for forming the coalitions. The links of the coalition formation game can self-organize a Nashstable final partition in terms of the system throughput maximization. Besides, we specify the minimum transmission rate to prevent links from having unfairness with extremely low transmission rates in proposed coalition cooperation approach.
r The proposed approach is compared with other subchannel allocation strategies by extensive simulations, and the evaluation results show that the proposed algorithm for sub-channel allocation can significantly increase the system throughput and accomplish all the link transmissions with better fairness. Moreover, we also demonstrate the low complexity of our algorithm via the average number of switch operations.
The rest of the paper is organized as follows. Section II introduces the related work. Section III introduces the system overview and illustrates the system model. Section IV formulates the optimal sub-channel allocation problem for links in mmWave small cells. In Section V, we model the sub-channel allocation problem as a coalitional game, and propose a relevant coalition formation algorithm. Section VI shows the performance evaluations of the scheme we proposed. In Section VII, we conclude this paper.
II. RELATED WORK
Recently, there have been many works on the mmWave research, such as [24] - [28] . In [24] , a joint scheduling scheme is proposed for improving the performances of mmWave networks. In [25] , the conditions of concurrent transmission exclusive region are deduced, and the REX scheduling scheme is proposed to acquire significant spatial reuse gain. In [26] , a concurrent transmission scheduling scheme is proposed to make more links transmit concurrently with quality of service (QoS) requirements satisfied. In [27] , the authors focused on the problem of blockage traffic, and exploited multi-hop paths to relay the blocked flows. In [28] , the frame based directional MAC protocol is proposed, and a greedy coloring (GC) algorithm is presented for link scheduling of the concurrent transmissions. However, these works are all based on HD communications, and have no relationship with D2D communications and channel allocation.
There also have been some works about channel allocation. In [29] , a distributed protocol for channel allocation in wireless sensor networks is proposed with theoretical bounds, but the objective of this protocol is to minimize the maximum interference between links. In [30] , a framework based on stochastic geometry is proposed to obtain the optimal channel allocation and achieve the superior network performance efficiently, yet the channel allocation is only for the uplink. In [31] , the authors proposed a joint power and channel allocation algorithm based the Hungarian algorithm, and the power allocation is derived independently on each sub-channel. The joint power and channel allocation is independent without user cooperation and the research is in the traditional cellular networks. In [32] , the authors presented a natural non-cooperative game and the utility is the sum rate of all the players. This approach is based on game, but is non-cooperative.
In addition, the research on cooperation schemes based on coalition formation game has yielded certain results, for instance, [10] , [19] , [33] - [38] . In [10] , the authors focused on the problem of uplink resource allocation for both D2D and cellular users, and a coalition formation game based approach is proposed to obtain the maximum system sum rate. In [33] , a two-step coalition game is proposed to model the uplink D2D resource allocation problem, and found out the efficient allocation scheme to share the cellular uplink channels eventually. In [35] , the authors addressed the downlink resource allocation problem for the users in D2D and cellular communications, by proposing a reverse iterative based combinatorial auction approach. However, these three approaches only consider the resource allocation of the uplink resource or downlink resource. In [38] , the social relationships of the resource allocation of D2D communications are introduced, then a social group utility maximization game is formulated for the maximum social group utility of each user in D2D communications. In [19] , the coalition game is used to model the distribution problem of the dynamic popular content in vehicular networks, and the approach is proposed, which on-board units exchange their possessed partial content with their neighbors by broadcasting and receiving to obtain the complete content. Ref. [19] and [38] only propose the schemes for the resource allocation of links between devices or vehicles, yet they do not consider resource allocation of access links. Besides, all these works are based on HD communications in the cellular networks, so the performance in terms of the system throughput is subject to further improvement.
Thus, for the channel allocation of both access links and D2D links in mmWave networks, the FD cooperation approach based on coalition formation game is need to be proposed to achieve the superior performance on throughput.
III. SYSTEM OVERVIEW

A. System Model
In this paper, we consider a mmWave network under the scenario of small cells densely deployed, as shown in Fig. 1 . We consider there are N base stations (BSs) in network, and each mobile user equipment may transmit in D2D mode or connect to the nearest BS in cellular mode [9] . The BSs connected to the backbone network via the macrocell are called gateways. There are amount of traffic flows, which are from BS to mobile device or from one device to another device, so we consider both access links and D2D links. The mmWave bands can be divided into multiple available sub-channels, as well as the access links in different sub-channels are able to be scheduled simultaneously. The low-cost and compact directional antennas are now crucial and feasible in mmWave bands [7] , [39] . To simplify the channel allocation problem, we assume each user device is equipped with two directional antennas for transmitting and receiving data at the same time, as shown in Fig. 2 . Multiple sub-channels in the mmWave bands are shared by both access links and D2D links equally. In the above scenario, we focus on the sub-channel allocation problem to gain the maximum network capacity. In order to facilitate the description, both BSs and mobile users in the network are treated as nodes in the following studies.
For link i, we denote its transmitter by s i , and denote its receiver by r i . Node s i and node r i point towards each other by their directional beams for directional transmissions. The received signal power at r i from node s i can be calculated as [25] 
where k 0 is a constant coefficient and proportional to ( λ 4π ) 2 (λ denotes the wavelength), n is the path loss exponent, and P t is the transmission power [25] . G t s i denotes the gain of transmitter antenna at node s i , and G r r i denotes the gain of receiver antenna at node r i . l s i r i is the length of the link from s i to r i .
Under FD transmissions, the interferences between links can be classified into two cases, RSI and MUI. For any two concurrent links in the same sub-channel, when the receiver of one link acts as the transmitter of the other one, the first case RSI is the residual SI after performing SI cancellation technology. The RSI of the link i can be modeled in terms of the transmission power of another co-channel link, which transmits from the receiver of link i. Therefore, we can use β r i P t to denote the RSI of link i, where the non-negative parameter β r i represents the SI cancellation level at node r i . P t is the transmission power of the link which transmits from node r i . For link i, the co-channel concurrent link from node r i can only have one at most. Thus, the signal to noise ratio (SNR) of link i at node r i can be calculated as
where P r (i, i) denotes the received signal power of link i, and the specific calculation is defined in (1) . N 0 denotes the onesided power spectral density of white Gaussian noise. W is the channel bandwidth. The other kind of interference MUI is the interference between any two co-channel links without sharing the same node. For another link j, if it is a concurrent link of link i in the same sub-channel, the interference at r i from node s j can be calculated as
where ρ is the factor of MUI, and the specific value is related to the signals cross correlation from different co-channel links [26] .
There is a lack of the multipath effect, so Gaussian channel can be adopted to model the channel of the directional mmWave links [13] . Considered MUI and RSI of the simultaneous transmission links, we can obtain the transmission rate of link i according to Shannon's channel capacity as
where η describes the efficiency of the transceiver design in the range of (0, 1). Due to the certain power loss at the receiver and transmitter, setting the parameter η represents the loss of this part in the calculation.
B. Antenna Model
In this paper, we assume BSs and devices are equipped with directional antennas. Thus, we adopt the realistic directional antenna model mentioned in [40] , which is the reference antenna model with sidelobe for IEEE 802.15.3c. The gain of a directional antenna in units of dB, which is denoted by G(θ), can be expressed as
where θ denotes an arbitrary angle within the range [0 • , 180 • ], θ −3dB denotes the angle of the half-power beamwidth, and θ ml denotes the main lobe width in units of degrees, and θ ml = 2.6 · θ −3dB . G 0 is the maximum antenna gain, which is obtained by
IV. PROBLEM FORMULATION
Considering the typical mmWave network, when the distance between any two mobile users is within a certain range, D2D users can communicate directly and establish a D2D link. If the distance is large, regular users can communicate through BSs and establish access links. There are several sub-channels in the system, and each sub-channel can be shared by access links and D2D links equally at the same time.
There is a certain group of links being scheduled concurrently in the same sub-channel. For any two co-channel links, if the transmitter of one link is the receiver of the other one, these two links can transfer simultaneously. Moreover, each BS can be the transmitters or receivers of multiple access links. FD communications can make more links transmit simultaneously, but more co-channel concurrent links may be affected by severe interference and cause the transmission rates of some links to be too low. So a threshold of the minimum transmission rate is denoted by R min , and a judgment need to be made by R min . Coordinating the links to occupy different sub-channels, R min is able to prevent the transmission rate of any link from being lower than R min . In a word, R min can improve the fairness of the links, and avoid unfairness which is due to low transmission rates of some links.
We denote the set of access links by A and the set of D2D links by D. Any sub-channel is denoted by c and the set of sub-channels is denoted by C. To simplify the representation, we define a binary variable a c i to indicate whether access link i is scheduled in the sub-channel c ∈ C. If so, a c i = 1; otherwise, a c i = 0. We further assume that the transmission power of each link is fixed. Let P i t indicate the transmission power of access link i. Then we can obtain the actual transmission rate of access link i in the sub-channel c as
where l denotes the co-channel concurrent link of access link i, as well as its transmitter is the receiver of access link i, l ∈ A ∪ D.
Apparently, under our assumption, l cannot exceed 1. u ∈ A and w ∈ D denote the access links and D2D links, respectively, which simultaneously occupy the same sub-channel with access link i and have MUI on link i. G i denotes the total gain of link i at node r i . Similarly, we define a binary variable d c j to indicate whether D2D link j is scheduled in sub-channel c. The actual transmission rate of D2D link j in the sub-channel c is calculated as
where P j t indicates the transmission power of D2D link j. G j denotes the total gain of link j at node r j . l denotes the cochannel concurrent link of D2D link j, and its transmitter is the receiver of D2D link j. l also cannot exceed 1. u ∈ A and w ∈ D denote the access links and D2D links, respectively, which simultaneously occupy the same sub-channel with D2D link j and have MUI on link j.
Since each access link or D2D link occupies at most one sub-channel, we have
At the same time, the access links with the same transmitters or receivers cannot occupy the same sub-channel, so we have
(10) For all the access links which transmit simultaneously, all the uplinks of them have different transmitters and all the downlinks have different receivers. For uplink i up , i up ∈ A and downlink i down , i down ∈ A, the constraint is as follows
According to the content aforementioned, we can know that any two co-channel D2D links cannot be scheduled simultaneously, unless the transmitter of one link is the receiver of the other link. In other words, the D2D links occupy the same channel can be scheduled simultaneously do not include these links, which have the same transmitters or receivers. Thus, we can obtain the constraint as follows
In the system, since the number of sub-channels is limited, the co-channel access links which share the same BS as their transmitters or receivers cannot be too much. Thus, we can obtain the constraint as follows
From these formulas and constraints above, we can come to a conclusion, that is, the performances on throughput and fairness are undetermined with uncertain channel allocation scheme. The specific results are closely related to a c i and d c j although many constraints are given. Thus, the optimal solution of channel allocation cannot be obtain by the gradient descent algorithm, even if a c i and d c j are relaxed to take the real values. Therefore, a coalitional game approach is proposed in the next section to do the channel allocation efficiently and practically.
V. COALITIONAL GAME
In this section, the sub-channel allocation problem is modeled as a coalitional game to acquire the system utility in terms of the system sum rate. The links are regarded as the players of the coalition game. Then we propose a coalition formation algorithm for sub-channel allocation.
A. Coalitional Game
The access links which participate in sub-channel allocation include uplink and downlink. There are |A| access links, |D| D2D links, and |C| sub-channels in the system. The purpose of channel allocation is to achieve a good performance on the system throughput. To devise a coalition formation algorithm for the proposed coalition formation game, we introduce some important definitions of the coalitional game.
Definition 1: (A coalitional game) A coalitional game with transferable utility is defined by a pair (L, U), where L is the set of game players and U is a utility function over the real line for every coalition S c ⊆ L, and U (S c ) is a real number describing the amount of value that coalition S c can receive, which can be distributed in any arbitrary manner among the members of coalition S c .
For the sub-channel allocation, the game players are the links, including D2D links and access links, so we have L = A ∪ D. Links occupying the same sub-channel form a coalition, and S c is the coalition of the links occupying the same sub-channel c ∈ C. There will be more interference between links if there are more links share the sub-channel simultaneously. In this system, access links with the same transmitter or receiver cannot occupy the same sub-channel. Consequently, the links has no motivation to form a grand coalition with occupying only one sub-channel. On the contrary, links prefer to form as many disjoint coalitions of different sub-channels as possible to obtain maximum system throughput. Considering there are |C| sub-channels in the system, the links can be divided into |C| coalitions at most. Therefore, the restrictions of the coalitions are as follows
Considering the RSI and MUI between transmission links, u denotes the access link and w denotes the D2D link in the coalition S c , the set of access links in S c is U c ⊆ A, and the set of D2D links in S c is W c ⊆ D, we can obtain the transmission rate of access links i ∈ S c as
The transmission rate of D2D link j ∈ S c can be obtained as
The system throughput at any time is equal to the sum rate of links, so we calculate the sum rate of links in S c as
The total revenue of S c is calculated by the utility function U (S c ). According to the contribution of the transmission links in S c , we define the utility function U (S c ) is proportional to R(S c ), so the utility function U (S c ) is given by
where α > 0 is a utility calculation factor.
According to above content, the definitions of the game formation are included as follows r Players: The set of links is denoted as L = A ∪ D. r Coalition: The players set L is partitioned into |C| coali-
r Utility: U (S c ) is the value for each coalition S c ⊆ L, which is a transferable utility for members in S c , the utility is proportional to the sum rate in this game.
r Strategy: Players decide to join or leave a coalition based on the utility comparison results of the original coalition and the new coalition. The definitions in this section model the sub-channel allocation problem as a coalitional game with the transferable utility. The utility is proportional to the system throughput, and links tend to form coalitions of different sub-channels to maximize the utility of the coalitional game. Then the algorithm to allocate the sub-channels for all the links is introduced in next section.
B. Coalition Formation Algorithm
First, we give the concept of the coalition partition. Definition 2: (The coalition partition) A coalitional partition is defined as the set Π = {S 1 , . . . , S k } (1 ≤ k ≤ |C|), which partitions the players set L, i.e., ∀c, S c ⊆ L are disjoint coalitions such that k c=1 S c = L. In order to maximize the system throughput, preference relation for players to decide whether to join or leave a coalition should be well defined. Instead of initial partition Π = {S 1 , . . . , S t }, a group of players prefers to adopt the utilitarian order to organize themselves into a collection of coalitions Π = {S 1 , . . . , S t }, which is proposed in [11] , [21] . Then the utility relationship between two different partitions can be expressed as
Therefore, we can get a conclusion that a collection of coalitions Π is very suitable for coalitional games with transferable utility. The definition of the total utility of a collection of coalitions is given as follows Definition 3: (Total utility of coalitions) For a partition Π = {S 1 , . . . , S k } (1 ≤ k ≤ |C|) of the set L, the total utility can be calculated as
If U (Π ) > U(Π), the partition Π has a better performance on total utility. Every coalition in Π is the coalition of links which share the same sub-channel. The total utility here is proportional to the sum throughput of the system. Then we give a definition of the preference relation of players in L as follows Definition 4: (Preference relation l ) For any player l, a preference relation l is defined as a complete, reflexive, and transitive binary relation over the set of all coalitions that player l may form.
For any player l ∈ L, S p l S q means player l strictly prefers being a member of coalition S p over being a member of coalition S q . So the preference relation of player l between S p and S q (S p l S q ) can be quantified as follows
Next, we define the coalition switch operation of our coalition game.
Definition 5: (Switch Operation) Given a partition Π = {S 1 , . . . , S k } (1 ≤ k ≤ |C|) of the player set L, if link l ∈ L performs a switch operation from S p to S q (S p , S q ∈ Π ∪ {∅}, S p = S q ), then the partition Π is modified into a new partition as follows
Then the basic rule for performing switch operations is given as follow Switch Rule 1: Given a partition Π = {S 1 , . . . , S k } (1 ≤ k ≤ |C|) of the player set L, for player ∀l ∈ L, if and only if S q l S p (S p , S q ∈ Π ∪ {∅}, S p = S q ), a switch operation from S p to S q is allowed.
In other words, for each link l ∈ L, if the new coalition {S q ∪ l} is strictly preferred over its current coalition S p according to the preference relation defined in (21) , l can leave its current coalition S p to join another coalition S q (S p , S q ∈ Π ∪ {∅}, S p = S q ).
From Section IV, we know that the threshold of the minimum transmission rate R min is needed to make a judgment. It is used to improve the fairness of the proposed cooperation approach, that is, preventing any links from transferring with very low rates. For any link l with the willingness to join the coalition S c , making a judgment on whether the transmission rates of link l and other links in the coalition S c are bigger than R min .
In order to give the rule of the verification switch operation, we assume the current coalition of link l is S p , and c ∈ C is the sub-channel which is shared by the links in coalition S c . We give a minimum transmission rate R min . Then the basic rule for mode switch operations is given as follows Switch Rule 2: For any link l (l ∈ L, L = A ∪ D), the coalition S c is selected by l to perform the switch operation from its current coalition S p with satisfying the preference relation in (21) . At this moment, if link l's participation in coalition S c makes the rate of link l or any link l in S c becomes smaller than R min (R c l < R min or R c l < R min , ∃l ∈ S c ), the new coalition selected by a switch operation changes from S c to another coalition (except S p and S c ).
In other words, if link l ∈ L's participation in a new coalition leads to very small rate of link l or other link in the new coalition, link l should select another sub-channel to obtain a good performance on fairness. The judgment of the rate is made by R min .
From these related definitions and switching rules, the pseudo code of coalition formation game for sub-channel allocation is shown in Algorithm 1.
Algorithm 1: Coalition Formation Algorithm for Subchannel Allocation.
Initialization: The system generates a random partition Π ini ; Set the minimum transmission rate requirement R min ; Set the current partition Π cur = Π ini ; Set the temporary partition Π tem = Π ini ; Set the final Nash-stable partition Π fin = Π ini ; Iteration: 1: while the partition converges are not achieving a Nash-stable partition do 2:
Randomly choose a link l ∈ L, and denote its current coalition as S p ∈ Π cur ; 3:
Randomly choose another coalition S q ∈ (Π cur ∪ {∅}), S p = S q ; 4:
if ∀l , l ∈ S q , ∃r l = s l or s l = r l then 5:
Denote the sub-channel which the links in coalition S q occupy by c; 6:
Calculate the transmission rates of link l and link l , and denote them by R c l and R c l ; 7: else 8:
Go to line 11; 9: end if 10:
if R c l ≥ R min and R c l ≥ R min then 11:
if the switch operation from S p to S q satisfying S q l S p then 12:
Randomly choose a link l 1 ∈ L, and denote its current coalition as S p ∈ Π tem ; 16:
Randomly choose another coalition S q ∈ (Π tem ∪ {∅}), S p = S q ; 17:
if ∀l 1 , l 1 ∈ S q , ∃r l 1 = s l 1 or s l 1 = r l 1 then 18:
Denote the sub-channel which the links in coalition S q occupy by c ; 19:
Calculate the transmission rates of link l 1 and link l 1 , and denote them by R To begin with, there are some preparation work and some parameter initializations. As show in line 1-12, the coalition formation algorithm performs the judgment for the first time to determine whether to perform a switch operation in definition (5) . In line 4-10, the first coalition switch operation judgment includes one R min judgement shown in switch rule 2. If the first switch operation is performed with meeting the switch rule 1, the algorithm ends this round of loops and repeats the above operations. If the first switch operation judgment does not meet the switch rule 1, we will further examine the second switch operation in definition (5) under the circumstances that the first switch operation has been performed, which is shown in line 13-33. In line 17-31, there is also one R min judgement in the second coalition switch operation judgment. If the partition after the second switch operation has a higher total utility than the initial partition, these two switch operations will be performed and the current partition will be updated as the new partition after the second switch operation.
The condition of finishing the loop is the partition converges can achieve a Nash-Stable partition. We prove the convergence of Algorithm 1 as follows Proposition 1: Any initial partition Π ini , after finite switch operations, the coalition formation algorithm for sub-channel allocation will always converge to a final network partition Π fin composed of a number of disjoint coalitions.
Proof: Due to the preference relation defined in (21), we can find that a single switch operation of any player l ∈ L may lead to yield an unvisited partition or a previously visited partition with a non-cooperative player l (player l is a singleton coalition of the new partition). If there is a non-cooperative player l in partition, it need decide to join a new coalition or remain non-cooperative. If player l remains non-cooperative, the current partition cannot be changed to any visited partitions in the next turn. If player l decides to join a new coalition, the switch operation made by player l will form an unvisited partition without any noncooperative player. No matter how to do it, an unvisited partition will be formed. Besides, as the well known fact is the number of partitions of a set is given by the Bell number [11] , [21] , so there are finite different partitions in total.
In the case where every single switch operation can yield an unvisited partition, and the partitions consisting of the fixed players is finite, the coalition formation of the proposed algorithm will converge to a final network partition Π fin composed of a number of disjoint coalitions after finite turns. So far the proof has been completed.
Proposition 2: The final partition Π fin in our coalition formation algorithm is Nash-stable. Proof: If the final partition Π fin of the proposed algorithm is not Nash-stable. Consequently, there must exist a player l ∈ S p (S p ⊆ Π fin ) and another coalition S c ∈ Π fin such that S c l S p . Based on our proposed algorithm, player l will perform a switch operation from S p to S c and form a new partition, which is contradictory to the fact that Π fin is the final partition. Thus, the proposition that any final partition Π fin resulting from the proposed algorithm is Nash-stable has been proved.
VI. PERFORMANCE EVALUATION
In this section, we evaluate the performances of our proposed cooperation approach for sub-channel allocation under various patterns and system conditions. In a typical FD scenario of small cells densely deployed underlying the mmWave network, the proposed approach is compared with other approaches in order to confirm the performances.
A. Simulation Setup
In the simulations, all the BSs and user equipments are uniformly distributed in a 100 m × 100 m square area. They have the same transmission power P t , the transmitters and receivers of links are randomly selected. There are 3 small cells, access links and D2D links are generated randomly, and the maximum distance of D2D links is 5 m. The minimum transmission rate R min for all the links are distributed differently according to different situations. The SI cancellation parameters β for equipments are uniformly distributed in a certain range. Other parameters are shown in Table I .
In order to show the advantages of our approach in terms of simulation results, we evaluate the following three performance metrics.
1) System Throughput: The achieved throughput of the links scheduled at the same time. The rate of link l is denoted by R l , then the system throughput T can be calculated as
The system throughput is in the unit of bps, and the utility of the channel allocation problem is proportional to it.
2) Fairness: Fairness performance is denoted by the Jains fairness measure. The Jains fairness measure [41] can be used to determine whether the resources are fairly distributed among the links. The transmission rate of link l (l ∈ L) is denoted by R l , then the Jains fairness measure can be obtained as
3) Number of Switch Operations: Average number of the switch operations when the partition is a Nash-stable partition in proposed algorithm.
In order to show the advantages of the proposed coalition game algorithm (the proposed cooperative scheme) in the system, we compare it with following three schemes.
1) the HD cooperative scheme: It uses the same coalition game algorithm with the proposed cooperative scheme to do the sub-channel allocation, but it only allows HD communication with HD requirements. 2) the non-cooperative scheme: Random Allocation, where the sub-channels are allocated to each link randomly. 3) optimal scheme: Optimal Solution, which achieves an optimal sub-channel allocation scheme with the exhaustive search. The optimal scheme complexity is NP-hard, and optimal solution only can be found with few links in a small network. To be more reliable, the simulation results are obtained by 200 independent experiments.
B. Comparison With Existing Schemes
1) System Throughput: In Fig. 3(a) and Fig. 3(b) , we plot the system throughput under different number of D2D links and different number of access links, respectively. There are 5 access links in Fig. 3 (a) and 30 D2D links in Fig. 3(b) . The number of sub-channels is set to 5 in two simulation diagrams. With the increase in the links, the system throughput of three schemes all increase. The proposed cooperative scheme always shows superior performance compared with other schemes. Compared with the HD cooperative scheme, the proposed FD scheme can simultaneously transmit more links in the same sub-channel to get the larger system throughput. For the non-cooperative scheme, its system throughput is much worse than proposed FD scheme. Because it is so difficult for non-cooperative scheme to obtain the best way of sub-channels allocation by one time sub-channel allocation. Compared with Fig. 3(a) , the growth trend of Fig. 3(b) is slower. This is because the access links of the abscissa in Fig. 3 (b) increases more slowly than the D2D links of the abscissa in Fig. 3(a) . Less increase in the number of links each time leads to slower system throughput growth.
In Fig. 4 , we plot the system throughput under different number of sub-channels. There are 3 access links and 70 D2D links. We can observe that the proposed cooperative scheme also has a superior performance in terms of the system throughput among three schemes. With the increasing of sub-channel, the system throughput of all different schemes increase stably. When the number of sub-channels becomes larger, there will be less links in each sub-channel and less interference between the links, then the transmission rate of each link can be larger. When the number of sub-channels is 8, the proposed FD scheme improves the system throughput by about 15.9% compared with the HD scheme, and by about 37.9% compared with the non-cooperative allocation scheme. In Fig. 5 , we simulate the the system throughput under different magnitudes of SI cancellation levels. The number of D2D links is 15, the number of access links is 5, and the number of sub-channels is set to 5. The abscissa x is the magnitude of β. For example, when x = 8, β is uniformly distributed in 0.5 × 10 −8 ∼1.5 × 10 −8 . We can find that the performance of the proposed cooperative scheme is better than other schemes. The system throughput of the HD scheme has no change under different SI cancellation levels, because HD algorithm does not need SI cancellation. For other two FD schemes, the cooperative scheme and the non-cooperative scheme, the SI cancelation level has significant impacts on their performances. When x is small, that is, the SI cancelation level is low, the performances of cooperative scheme and non-cooperative scheme are not ideal. As x becomes larger, the RSI of the transmission is less and the RSI has a negative impact on the transmission rate, so the system throughput of two FD schemes increase. When SI cancellation level reaches 10 −8 magnitude, the system throughput of FD schemes are nearly unchanged with x increasing. At this moment, the RSI of the transmission is less enough and its effect on rate is very small. In other simulations, we set β to 0.5 × 10 −8 ∼1.5 × 10 −8 , which can get good performances of schemes and achieve normal transmission.
2) Fairness Performance: In Fig. 6(a) and Fig. 6(b) , we plot the fairness performances of different sub-channel allocation schemes under different number of D2D links and different number of access links respectively. The number of access links is set to 5 in Fig. 6(a) , the number of D2D links is set to 30 in Fig. 6 (b) and the number of sub-channels is set to 5 in two diagrams. We can observe that our scheme has the better fairness performance compared with the non-cooperative scheme, but it is not better than the HD cooperative scheme. Nevertheless, we can not get a conclusion that the proposed cooperative scheme has poor performance on system fairness performance compared with HD scheme. In fact, the links simultaneously scheduled by HD algorithm are less than these by FD scheme, and less links simultaneously transmitting has advantage in the fairness. With the increasing of the links, the fairness indexes of all schemes decrease with more interferences between links. In Fig. 7 , we plot the fairness performance of different subchannels allocation algorithms under different numbers of subchannels. There are 3 access links and 70 D2D links. We can also find that our proposed scheme has a better fairness performance compared with the non-cooperative scheme, but it is not better than HD scheme. The reasons are similar to Fig. 6(a) . With the increasing of the number of sub-channel, the fairness indexes of all schemes increase. The sub-channel is more, the sub-channels allocation is fairer.
3) Impact of the Minimum Transmission Rate: R min is an important parameter of the fairness and has a significant impact on the proposed cooperative scheme. Next, we study the impacts of R min on the proposed cooperative scheme.
In Fig. 8 , we plot the fairness performance of the proposed cooperative allocation scheme under different number of D2D links, R min equals to 0 Mbit/s, 200 Mbit/s, and 400 Mbit/s, respectively. The number of access links is 5 and the number of sub-channels is 5. We can observe that the proposed cooperative scheme can become fairer and fairer with the growth of R min . When the value of R min is large, the links with small rates are less and the unfairness caused by these links can be alleviated. Thus, the fairness becomes better with R min becoming larger. As envisioned by the above content, R min is beneficial to the fairness of the links.
In Fig. 9 , we plot the system throughput of the proposed allocation scheme under different number of D2D links with different R min , R min equals to 0 Mbit/s, 200 Mbit/s, and 400 Mbit/s, respectively. All parameters are same as parameters in Fig. 8 . With the increasing of R min , there is no regular trend of fairness changing. In fact, the effect of R min on the system throughput is undetermined. When the proposed cooperative scheme does sub-channels allocation, it makes decisions based on the principle of maximizing the sum throughput of the entire system, and mainly pursuing the overall benefits. As R min increases, the requirement on the transmission rate of each link becomes higher, the system throughput can be bigger or smaller uncertainly.
Therefore, we can get a conclusion from Fig. 9 and Fig. 8 , the value of R min should be appropriate. If R min is small, the performance of fairness is not good enough. On the contrary, if the value of R min is big, the coalition formation algorithm may not find a suitable partition of all the links. In other simulations, we set R min to 400 Mbit/s, which does not affect the performances of the algorithms. 
C. Comparison With Optimal Solution
To demonstrate our proposed scheme can achieve nearoptimal performance on system throughput, we compare it with the optimal solution (exhaustive search method). Since it is NP-hard to obtain the optimal solution for general cases, we only compare them in a small scale network with several sub-channels and links. In this comparison, the number of access links is 3 and the number of sub-channels is set to 3.
In Fig. 10 , we plot the system throughput of the optimal solution scheme and proposed scheme under different number of D2D links. As we can see, the gap between the optimal solution and our scheme is negligible. When the number of links is 8, the gap is only about 0.6%. The proposed scheme is able to approximate the optimal solution of the sub-channel allocation problem with a very small gap. Compared with optimal solution, the proposed scheme not only has a superior performance on system throughput, the complexity is also low. We illustrate the complexity of the proposed algorithm as follows.
In Fig. 11 , we show the system convergence rate in terms of the average numbers of switch operations under different number of sub-channels. We investigate three cases, with the number of D2D links is set to 10, 15, and 20, respectively, the number of access links is 5. We can observe that the average numbers of switch operations increase with the number of links increasing. More links need to be allocated, more switch operations are needed. Whatever the number of D2D links is, the average numbers of switch operations are limited and the small number of switch operations implies that the proposed cooperative scheme can do the sub-channel allocation with limited complexity. Consequently, the low complexities for different numbers of links imply the network scale of the proposed scheme in practical system can be much larger than the network scale we set in the simulations.
VII. CONCLUSION
In this paper, we focus on the problem of optimal sub-channel allocation for the links in the scenario of multiple mmWave small cells densely deployed. To maximize the system throughput, we model the problem as a coalition formation game. Then we propose a coalition formation algorithm for sub-channel allocation, and it fully exploits FD communications and concurrent transmission to improve network performances. Besides, we proposed a threshold of the minimum transmission rate to enhance the fairness of our proposed scheme. After that, we prove the convergence of our algorithm theoretically. Extensive simulations show that the throughput of the proposed scheme has an obviously superior performance compared with other schemes, and the low complexity of our scheme is demonstrated by the average number of switch operations. However, due to the directional antenna setting of device in the paper, the number of links that each user device can transmit and receive at the same time is limited. In the future work, we will consider the D2D communications with simultaneous multi-link transmitting and receiving by multiple antennas and further increase the system throughput. Besides, we will do the performance verification of our algorithm on the actual system platform to further demonstrate the practicality of our channel allocation scheme.
